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In this paper, the dynamic behaviour of free layer damping beams with thick viscoelastic
layer is analysed. A homogenised model for the ﬂexural stiffness is formulated employing
Reddy and Bickford’s quadratic shear in each layer, in contrast to the classical model of
Oberst and Frankenfeld for thin beams, which does not take into account shear deforma-
tions. The results provided by these two models in free and forced vibration are compared
by means of ﬁnite element procedures with those of a 2D model, which considers exten-
sional and shear stress, and longitudinal, transverse and rotational inertias.
The viscoelasticmaterial is characterised by a fractional derivativemodel,which takes into
consideration the variation of the complex modulus with frequency. To avoid the frequency
dependence of the stiffness matrices, the extraction of the eigenvalues and eigenvectors is
completed by a new iterative method developed by the authors. The frequency response to
a harmonic force is deduced by the superposition of modal contribution functions.
From these numerical applications it can be concluded that themodel for thick beams pro-
vides sufﬁcient accuracy for practical applications, able to reproduce themechanical behav-
iourof free layerdampingbeamswith thick viscoelastic layer, reducing the storageneeds and
computational time with respect to a 2D model.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The unconstrained layer damping conﬁguration, also known as free layer damping (FLD), is a technology commonly em-
ployed in passive control techniques using viscoelastic materials (see e.g. Nashif et al. (1985), Sun and Lu (1995) or Jones
(2001) for details). In this conﬁguration, the damping material is bonded on vibrating ﬂexural structural elements, normally
made of metallic materials, as Fig. 1 illustrates.
In Fig. 1 the cross-section of a two-layer composed beam is represented, where the thickness of the base and the visco-
elastic layers are H and H1, respectively, and the width of the beam is represented by b. The properties of the elastic material
are Young’s modulus E, Poisson’s coefﬁcient m and density q, and those of the viscoelastic are the complex extensional mod-
ulus E1, m1 and q1, respectively. If both materials are considered isotropic, the shear modulus G and G

1 are related with the
extensional by G = E/2(1 + m) and G1 ¼ E1=2ð1þ m1Þ, for the base and damping materials, respectively.
The complex nature of the modulus of viscoelastic materials is due to their ability to dissipate mechanical energy. In ef-
fect, a complex relationship between stress and strain allows to represent the hysteretic behaviour of this kind of materials
(Myclestad, 1952). This dissipative property may be described by the loss factor g1. All rights reserved.
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Fig. 1. Cross-section of a two-layer beam.
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E001
E01
; ð1Þwhere E01 and E
00
1 are the real and imaginary components of the complex modulus, E

1 ¼ E01 þ iE001, which are known as the stor-
age and the loss modulus, respectively, the former being also frequently represented by E1. For polymers, both storage and
loss modulus, and consequently loss factor, vary with temperature and frequency depending on three different behaviours:
rubbery, vitreous and of transition (see e.g. Ward and Hadley, 1993). In this sense, Jones (2001) reviews experimental data
for complex modulus of some typical viscoelastic solids, including elastomers, adhesives and specially compounded mate-
rials. The experimental characterisation of low stiffness damping materials, which are not appropriate to prepare self-sup-
porting test specimens, may be achieved by means of the ASTM E 756-04 (2004) standard, wherefrom the nomenclature has
been taken.
The classical study of thin FLD beams is derived following Oberst and Frankenfeld (1952), who, based on Euler–Bernoulli’s
beam theory, provide an equivalent homogenised complex ﬂexural stiffness Beq given byBeq ¼ B þ B1; ð2Þ
where B* = EI* and B1 ¼ E1I1 are the complex ﬂexural stiffness of the base and damping layers, respectively, and I*, I1 are the
complex cross-sectional second order moments, given byI ¼ 1
12
bH3 þ bHðhN  H=2Þ2 ð3ÞandI1 ¼
1
12
bH31 þ bH1ðH þ H1=2 hNÞ2; ð4Þrespectively, in which the complex position of the neutral axis hN is represented byhN ¼
EH2 þ E1H1ð2H þ H1Þ
2ðEH þ E1H1Þ
: ð5ÞThe complex character of these geometric properties signiﬁes that they are not constant during the vibration.
Oberst and Frankenfeld (1952) do not contemplate the use of thick layers, in which the shear effects may be considerable
and cannot be neglected. For a beammade of a unique elastic material, different models may be used for shear consideration,
such as the based on Timoshenko’s or Reddy–Bickford’s theories (see Wang et al. (2000) for more details). The former in-
duces a constant shear strain along thickness that does not satisfy the boundary conditions on the surface, thus, a shear cor-
rection factor is commonly employed. The latter involves a quadratic distribution conﬁrming the force equilibrium, and thus
the shear correction factor is not needed.
In short, in this paper the structural vibration reduction using FLD treatments with thick viscoelastic layer is analysed by
ﬁnite element procedures, taking into account shear effects. Therefore, next an equivalent complex ﬂexural stiffness is de-
rived considering quadratic shear stress based on Reddy–Bickford’s theory. Later, numerical applications for cantilever
beams are presented comparing the solutions provided by three different ﬁnite element models: a 2D plane model, a 1D
beam model that employs the Oberst and Frankenfeld theory for thin beams and does not consider the shear, and another
1D beam model that uses the homogenised stiffness developed here for thick layers. The damping material is characterised
by means of a fractional derivative model involving the frequency dependence of the complex modulus, which implies
important disadvantages for the dynamic analysis. Thus, the extraction of the eigenvalues and eigenvectors is carried out
by a simple and effective iterative algorithm developed by Cortés and Elejabarrieta (2006) employing the undamped eigen-
solutions and the eigenvector derivatives. Finally, the dynamic response of the three models is compared using the modal
contribution functions (MCF) superposition method (Cortés and Elejabarrieta, 2005).
2. Homogenised model for a two-thick layer beam
Next the theoretical study of a two-layer beam is presented, in which quadratic shear stress is taken into account. An
equivalent ﬂexural stiffness will be deduced for pinned–pinned beams, considering that all materials are purely elastic.
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the viscoelastic material will be considered.
Regarding small deformations, the transverse displacement v(x,t) of any cross-section can be decoupled in a term vM(x,t)
due to the ﬂexural moment Mf(x,t) and another vQ(x,t) derived by the shearing force Q(x,t),vðx; tÞ ¼ vMðx; tÞ þ vQ ðx; tÞ: ð6Þ
The ﬁrst term vM(x,t) originates from bending and satisﬁes the ﬂexural moment-curvature relationshipMf ðx; tÞ ¼ Beq o
2vMðx; tÞ
ox2
; ð7Þwhere Beq is the ﬂexural stiffness given by Eq. (2), considering that all the materials are purely elastic. The shear stress s(x,y,t)
at any point P(x, y) is given by shear formula, according tosðx; y; tÞ ¼ XðyÞ
Beqb
Qðx; tÞ; ð8Þwhere X (y) is given byXðyÞ ¼
Z
S0
yEðyÞdS0; ð9ÞandS0 represents theareaof the surface above thepointP(x,y) (seeanybookof strengthofmaterials for details, e.g.,Megson, 1996).
Thedistributionof thestress iscontinuous,givenbyquadraticpolynomials ineach layerandthemaximumvalueof theshearstress
isachievedatneutralaxis.TherelationshipbetweenthetransversedisplacementvQ (x,t) andtheshearing forceQ(x,t) isobtainedby
making equal the work of the transverse force and the shear strain energy stored in the cross-sectional area S,1
2
Qðx; tÞ dvQ ðx; tÞ ¼ 12
Z
S
s2ðx; tÞ
GðyÞ dS
 
dx; ð10Þwhich, by using Eq. (8), yieldsovQ ðx; tÞ
ox
¼ Qðx; tÞ
Z
S
2ðyÞ
GðyÞB2eqb2
dS; ð11Þwhich may be written asQðx; tÞ ¼ Keq ovQ ðx; tÞox ; ð12Þwhere Keq is the equivalent shear stiffness of the cross-section that depends on the geometry and on the properties of the
materials, that may be decomposed as1
Keq
¼ 1
K
þ 1
K1
: ð13ÞFor the geometry represented in Fig. 1, the stiffness K and K1 of the individual layers satisfy1
K
¼ E
2
GB2eqb
2
Z hNþH
hN
X2ðyÞbdy ¼ E
2b
4GB2eq
Z hNþH
hN
ðh2N  y2Þ2dy ð14Þand1
K1
¼ E
2
1
G1B
2
eqb
2
Z hNþHþH1
hNþH
X2ðyÞbdy ¼ E
2
1b
4G1B
2
eq
Z hNþHþH1
hNþH
ððH þH1  hNÞ2  y2Þ2dy; ð15Þrespectively. By solving these integrals, they are given by1
K
¼ 6
5GbH
ð10r2N  15rN þ 6Þ
ð1þ rIMÞ2ð1þ 3ðrN  1Þ2
Þ2 ð16Þand1
K1
¼ 6
5G1bH1
M2T4ð10r2N  40rN  25rNT þ 16T2 þ 50T þ 40Þ
ð1þ rIMÞ2ð1þ 3ðrN  1Þ2Þ2
; ð17Þrespectively, where M = E1/E, T = H1/H, rN = 2hN/H and rI = I1/I. For thin base layers made of a metallic material, the term 1/K
may be neglected with respect to the coefﬁcient of the polymeric layer 1/K1. It can be pointed out that if the two layers were
composed with by the same material, then Eq. (13) provides the well known result for homogeneous rectangular sections,
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Keq
¼ 6
5GS
; ð18Þwhere S is total cross-sectional area.
By considering the shear coefﬁcient Keq, the ﬂexural ﬁeld equation in free vibration is given by the formula of Timoshenko
(1921)Beq
qL
o4vðx; tÞ
ox4
 Beq
Keq
o4vðx; tÞ
ox2ot2
þ o
2vðx; tÞ
ot2
¼ 0; ð19Þwhere qL is the mass per unit length. In Eq. (19), the rotational inertia has been neglected. When the shear stiffness Keq tends
to inﬁnity, Eq. (19) degenerates on the well-known Euler–Bernoulli ﬁeld equation. For the pinned–pinned boundary condi-
tion, the response is harmonic in space and time, thus the rth modal component vr(x, t) yieldsvrðx; tÞ ¼ Ar exp½iðbrxxrtÞ; ð20Þ
where Ar, br and xr are the modal amplitude, wave number and natural frequency (rad/s), respectively. The equivalent ﬂex-
ural stiffness BK, considering shear effects and satisfying the homogenised Euler–Bernoulli ﬁeld equationBK
qL
o4vðx; tÞ
ox4
þ o
2vðx; tÞ
ot2
¼ 0; ð21Þis computed making use of Eqs. (19)–(21), that yieldsBK ¼ Beqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þu2ðxÞp þuðxÞ 2
: ð22ÞThe function u(x), which is dependent on frequency x, takes into account the shear effects, and it is given byuðxÞ ¼ x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qLBeq
p
2Keq
: ð23ÞIf the shear stiffness Keq tends to inﬁnity, i.e. if the shear deformations are negligible, the function u(x) tends to zero and the
equivalent ﬂexural stiffness BK tends to the classic Beq. It can also be noted that the static values derived by both models are
the same.
3. Dynamic analysis of a cantilever beam using ﬁnite element procedures
3.1. Problem deﬁnition
In this section the harmonic analysis of a two-layer cantilever beam will be completed using ﬁnite element techniques.
Three different thickness of the viscoelastic layer will be considered, aimed at evaluating the accuracy of the homogenised
models with respect to a 2D model, whose solution will be considered as exact.
The length of the beam is L = 120 mm, the width b = 10 mm, the thickness of the base layer H = 2 mm, and that of the
viscoelastic layer H1 = 2, 6 and 10 mm is chosen.
The properties of the materials are taken from the experimental characterisation effectuated by Cortés and Elejabarrieta
(2007) onAISI T 316 L stainless steel laminated sheet and on SoundownVibrationDamping Tilematerial. Indeed, Young’smod-
ulusanddensityof theelasticmaterial areE = 176.2  109Paandq = 7782kg/m3, respectively, and that of thedampingmaterial
isq1 = 1423 kg/m3. The Poisson’s coefﬁcient m = m1 = 0.3 is chosen for bothmaterials. The experimental data of the storagemod-
ulus and loss factor were ﬁtted to a four-parameter fractional model (Bagley and Torvik, 1986; Pritz, 1996) given byE1ðxÞ ¼
E0 þ E1ðisxÞa
1þ ðisxÞa ; ð24Þwhere i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
is the imaginary operator, E0 and E1 represent the storage modulus when the frequency is zero and tends to
inﬁnity, respectively, s is the relaxation time and a is the fractional parameter, whose ﬁtted values are shown in Table 1.
Three different ﬁnite element models are under study. The ﬁrst of them is a 2D model discretized in bilinear quadrilateral
elements with four nodes under plane-stress assumption (see, e.g., Zienkiewicz and Taylor (2000), Hughes (2000) or Bathe
(1996) for details about ﬁnite element formulations). Both, the metallic base and polymeric layers, are modelized with 4 ele-
ments along thickness to assure the evolution of the shear stress and with 60 elements along the length (see Fig. 2) in order
to obtain three ﬁrst eigenvalues accurate enough.
Consistent mass matrix is used, and the stiffness matrix is computed by reduced integration with Kosloff and Frazier
(1978) hourglass control. These matrices are summarized in Table 2.
This 2D ﬁnite element model is able to reproduce the dynamical behaviour of the cantilever beam considering extensional
and shear strains, and transverse, extensional and rotational inertias.
Table 2
Mass and stiffness matrices of the 2D ﬁnite elements
Base layer Viscoelastic layer
Fig. 2. Finite element discretization of the 2D model.
Table 1
Parameters of the fractional derivative model
E0(109Pa) E1(109Pa) s(106s) a
0.353 3.462 314.9 0.873
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156 22‘i 54 13‘i
22‘i 4‘2i 13‘i 3‘2i
54 13‘i 156 22‘i
13‘i 3‘2i 22‘i 4‘2i
2
6664
3
7775 ð25ÞandKi ¼ B
‘3i
12 6‘i 12 6‘i
6‘i 4‘2i 6‘i 2‘2i
12 6‘i 12 6‘i
6‘i 2‘2i 6‘i 4‘2i
2
6664
3
7775; ð26Þrespectively, where ‘i is the length of the i-th ﬁnite element. The ﬂexural stiffness B of (26) is given by Eq. (2), B ¼ Beq, for the
thin beammodel, and considering the complex nature of Eq. (22), B ¼ BK, for the thick beam model. The discretization also is
made with 60 ﬁnite elements along span.
3.2. Extraction of the eigenvalues
The complex eigenproblem of the systems under analysis is given by
Table 3
Modal p
x1ð103
g1
x2ð103
g2
x3ð103
g3
Table 4
Modal p
x1ð103
g1
x2ð103
g2
x3ð103
g3
Table 5
Modal p
x1ð103
g1
x2ð103
g2
x3ð103
g3
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where kr and /

r are the complex eigenvalue and eigenvector of the r-th mode, respectively, M is the mass matrix and K
* is
the complex stiffness matrix, which is dependent on frequency. In effect,xr is the real part of the square root of the complex
eigenvalue kr ,xr ¼ Re
ﬃﬃﬃﬃ
kr
q 
; ð28Þthat induces a non-linearity into the eigenproblem. It may be solved, for example, by iterative procedures using the complex
methods of Lanczos (1950) or Arnoldi (1951), which involve important computational time. To avoid this problem, Cortés
and Elejabarrieta (2006) have recently developed an iterative procedure that approximates in a simple and accurate way
the complex eigenpair. This method begins by considering the static stiffness matrix K*(0) in Eq. (27), yieldingðkr;0Mþ Kð0ÞÞ/r;0 ¼ 0; ð29Þ
and then, the undamped eigensolutions kr,0 and /r,0 can be obtained. Next, the eigenvector derivative /
0
r is computed using
the method of Nelson (1976). With this derivative, and taking into account the variation of the complex stiffness for the ob-
tained eigenfrequency,DKðxr;0Þ ¼ Kðxr;0Þ  Kð0Þ; ð30Þ
a complex ﬁnite increment D/r of the eigenvector is constructed by means of a Taylor’s series approach. Next, the complex
eigenvector can be approximate as/r ¼ /r;0 þ D/r ; ð31Þ
with which the complex eigenvalue kr is estimated according to the Rayleigh’s quotient,kr ¼
/Tr K
ðxrÞ/r
/Tr M/

r
; ð32Þwhere ()T denotes the transposition operator. Finally, with the new eigenfrequency xr given by Eq. (28), Eqs. (30)–(32) can
be iteratively used up to obtain the desired convergence tolerance. With respect other iterative methods, this one presentsroperties of the cantilever beam with viscoelastic treatment: H1 = 2 mm
2D model Results for thin beam model (% error) Results for thick beam model (% error)
s1Þ 0.6311 0.6312 (<0.1) 0.6311 (<0.1)
0.0449 0.0450 (0.2) 0.0450 (0.2)
s1Þ 4.1582 4.1663 (0.2) 4.1611 (<0.1)
0.0765 0.0771 (0.8) 0.0768 (0.4)
s1Þ 11.908 11.963 (0.5) 11.919 (<0.1)
0.0451 0.0458 (1.6) 0.0454 (0.7)
roperties of the cantilever beam with viscoelastic treatment: H1 = 6 mm
2D model results for thin beam model (% error) results for thick beam model (% error)
s1Þ 0.6929 0.6958 (0.4) 0.6940 (0.2)
0.3948 0.3984 (0.9) 0.3969 (0.5)
s1Þ 6.0621 6.2963 (3.9) 6.1522 (1.5)
0.2860 0.2850 (0.3) 0.2916 (2.0)
s1Þ 17.489 18.910 (8.1) 17.841 (2.0)
0.1288 0.1262 (2.0) 0.1358 (5.4)
roperties of the cantilever beam with viscoelastic treatment: H1 = 10 mm
2D model Results for thin beam model (% error) Results for thick beam model (% error)
s1Þ 0.9928 1.0149 (2.2) 0.9994 (0.7)
0.7446 0.7503 (0.8) 0.7569 (1.7)
s1Þ 9.2091 10.343 (12) 9.6284 (4.6)
0.2636 0.2439 (7.5) 0.2741 (4.0)
s1Þ 24.355 30.298 (24) 25.621 (5.2)
0.1192 0.1019 (15) 0.1360 (14)
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ing computational resources.
Making use of this new method, the ﬁrst three modal natural frequencies xr and loss factor gr, derived fromkr ¼ x2r ð1þ igrÞ; ð33Þ
are computed and shown in Tables 3–5, considering the three thickness for the three models under study.
Regarding the natural frequency xr , from these tables it can be pointed out that the results are practically the same for
the thinnest beam (see Table 3), and the differences among them are more important as the thickness of the viscoelastic
layer is bigger. The most important differences are achieved at the third mode. In effect, as the frequency is higher, the shear
effects acquire more importance, decreasing the ﬂexural stiffness and, consequently, diminishing the natural frequencies. By
considering the results of the third mode of the Table 4 (H1 = 6 mm), those of the thin beam model are deviated 8.1% with
respect to those of the 2D one, and those of the thick beam model are improved up to an error of 2.0%. This improvement is
more important for the thickest beam (see Table 5): from 24% to 5.2%.
Concerning the modal loss factor gr, for the applications using the thinnest beam characterised by the thin beam model,
see Table 3, the results may be considered to be accurate enough, even if the thick beam model improves them slightly. For
the other two thicker beams, see Tables 4 and 5, it should be noted that the thin beam model underestimates the modal loss0 1 2 3 4 5
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Fig. 3. Frequency response of the free-end for the cantilever beams: H1 = (a) 2 mm, (b) 6 mm and (c) = 10 mm.
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gr, cannot be directly compared, because the damping of the material depends on frequency, and the natural frequencies for
the models are not the same. Instead of loss factor gr, the amplitudes of the resonance peaks will be compared in next
section.
3.3. Frequency response function
In this paragraph it is computed the response of the cantilever beam subjected to a harmonic unitary force
F = 1  exp(xt)N applied on the right-hand side. The matrix system is given byðx2k Mþ KðxkÞÞUk ¼ F; ð34Þ
where F* and U* are the nodal vectors of the amplitude of the force and the displacement, respectively. The frequency depen-
dence of the complex stiffness matrix K* involves that the modal superposition cannot be applied, and therefore, Eq. (34)
must be solved for Uk at each desired frequency xk. To avoid this problem, Cortés and Elejabarrieta (2005) have developed
a method that allows to compute the total response by means of the superposition of modal contribution functions (MCF).
Fig. 3 represents the frequency response up to 5 kHz of the free-end of the beam superposing all the MCF for the three mod-
els, in order to take into account a minimum of three modes for all the cases.
Fig. 3(a) indicates that the responses provided by the three models are practically the same. On the contrary, Fig. 3(b) and
(c) illustrate a displacement of the curves of the beammodels to the right with respect to the given by the 2Dmodel. This fact
is due to the overestimation of their natural frequencies, as it could be seen in Tables 4 and 5. The differences are more patent
as the frequency is larger and as the thickness is bigger, and principally, for the thin beam model.
Concerning the amplitudes of the resonance peaks, from the numerical analysis it can be deduced that the most impor-
tant errors are achieved at the highest order modes: considering the third resonance peak, there are not remarkable differ-
ences for the case (a); however, for the (b) curve the thin beam model overdamps the amplitude 5.3% in contrast to 0.3% of
the thick model. In the same way, the overdamping for the third mode of the case (c) are 7.2% and 0.2%, respectively.
4. Conclusions
In this paper the behaviour of FLD beams with thick viscoelastic layer has been analysed. Taking into account that the
classical Oberst and Frankenfeld’s model does not consider the effects of the shear stress, a homogenised ﬂexural stiffness
has been derived using Reddy–Bickford’s theory. For that, the ﬁeld equation of the transverse vibration has been solved
for pinned–pinned boundary conditions, which is the only type of support being easy to solve. As a numerical example,
the dynamic behaviour of a cantilever beams has been studied by ﬁnite element techniques. Three kinds of ﬁnite element
models have been utilized: (i) a 2D model that is able to reproduce the mechanical behaviour considering extensional
and shear strains, and longitudinal, transverse and rotational inertias, (ii) a 1D beam model using Oberst and Frankenfeld’s
ﬂexural stiffness for thin beams, based on Euler–Bernoulli’s theory in which shear is neglected, and (iii) another 1D beam
model employing the developed homogenised ﬂexural stiffness based on Reddy–Bickford’s quadratic shear for thick beams.
To avoid the frequency dependence of the stiffness matrices, the extraction of the eigenvalues has been completed by an
iterative method previously developed by the authors, wherefrom it should by concluded that the results provided by the
thick beam model improves those of the thin as the thickness of the damping layer is bigger, and as the natural frequency
is higher. In the same way, from the frequency response to a harmonic force computed by the MCF superposition method, it
should be noted that Oberst and Frankenfeld’s model overdamps the amplitude of the resonance peaks, whereas the results
of the thick model do not signiﬁcantly diverge from those of the 2D model.
Concluding, the proposed homogenised beam model can be used to reproduce the dynamical behaviour of FLD beams
with a thick viscoelastic layer, which presents enough accuracy for practical applications, and reduces the computational
time.
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